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WEAK MIXING FOR LOCALLY COMPACT QUANTUM GROUPS
AMI VISELTER
ABSTRACT. We generalize the notion of weakly mixing unitary representations to locally compact
quantum groups, introducing suitable extensions of all standard characterizations of weak mixing
to this setting. These results are used to complement the noncommutative Jacobs–de Leeuw–
Glicksberg splitting theorem of Runde and the author [“Ergodic theory for quantum semigroups”,
J. Lond. Math. Soc. (2) 89 (2014) 941–959]. Furthermore, a relation between mixing and weak
mixing of state-preserving actions of discrete quantum groups and the properties of certain inclu-
sions of von Neumann algebras, which is known for discrete groups, is demonstrated.
INTRODUCTION
Weak mixing is an intrinsic part of ergodic theory. It was introduced by Koopman and von Neu-
mann in a specific setting [33], and then extended to amenable topological semigroups by Dye
[23] and to locally compact groups by Bergelson and Rosenblatt [7]. Lying between ergodicity
and (strong) mixing, this notion comes in various shapes and has an abundance of applications,
an acclaimed one being Furstenberg’s proof of Szemerédi’s theorem on arithmetic progressions
[29]. In operator algebras it has noticeably played a central role in Popa’s deformation/rigidity
theory, and in the study of singular masas in II1-factors using the weak asymptotic homomor-
phism property and similar conditions; see [48, 47, 49, 50, 51, 52], [56, 53, 57, 32, 9] and their
numerous sequels.
A related result is the famous Jacobs–de Leeuw–Glicksberg splitting theorem [31, 17]. Con-
sidering a weakly almost periodic semigroup S of operators on a Banach space, the notions of
almost periodicity and of weak mixing of vectors with respect to S are defined. The theorem says,
roughly, that under a suitable amenability condition, S induces a splitting of the Banach space
that is acted on as the direct sum of the subspace of almost periodic vectors and the subspace
of weakly mixing vectors. An important example arises from a dynamical system consisting of
a topological semigroup acting on a probability space by measure-preserving transformations.
The splitting theorem then applies to the Koopman representation of the dynamical system.
This leads naturally to the question of finding noncommutative generalizations of these results.
Niculescu, Ströh and Zsidó [43] considered dynamical systems in which the object that was acted
on was noncommutative, consisting of a von Neumann algebra N and an endomorphism of N
preserving a faithful normal state θ; this generalizes the classical setting of a measure-preserving
map on a probability space. A notion of almost periodic operators in N with respect to the action
was introduced, and it was proved that the set of these operators is a von Neumann subalgebra
NAP of N . The Jacobs–de Leeuw–Glicksberg splitting has the form of a θ-preserving conditional
expectation EAP from N onto NAP [43, Theorem 4.2]. The second direct summand, namely
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kerEAP, has a weak mixing property described in [43, Proposition 5.5]. A generalization of
these results to actions of more general (amenable) topological semigroups G was announced in
[67] (the above case is that of G = Z+). Subsequent works that address weak mixing of actions
of more general groups on von Neumann algebras include Beyers, Duvenhage and Ströh [8] and
Duvenhage [19, 20, 21]; see also Duvenhage and Mukhamedov [22].
Runde and the author undertook in [55] to generalize the results of Niculescu, Ströh and Zsidó
to dynamical systems that were “fully noncommutative” in the sense that the acting object and
the object that was acted on were both noncommutative. This means that a quantum semigroup
(a Hopf–von Neumann algebra) G acts on a von Neumann algebra N via an action α preserving
a faithful normal state θ. We introduced the notions of completely almost periodic vectors and
operators with respect to α. When G is amenable and co-amenable, mild assumptions yield a
Jacobs–de Leeuw–Glicksberg splitting theorem as above: there exists a θ-preserving conditional
expectation ECAP from N onto the set (indeed, von Neumann algebra) NCAP of completely
almost periodic operators [55, Corollary 4.10]. These mild assumptions are readily fulfilled
when G is a locally compact quantum group (LCQG) in the sense of Kustermans and Vaes [36,
37]. Nevertheless, while the completely almost periodic part was fully taken care of, it was not
clear at the time in what sense kerECAP is “weakly mixing”.
The purpose of the present paper is to develop a noncommutative theory of weak mixing for
unitary co-representations that, in particular, will provide an answer to the question of the weak
mixing nature of kerECAP from the previous paragraph. The proof for the case G = Z+ in [43,
Proposition 5.5] relies chiefly on the classical Koopman–von Neumann spectral mixing theorem,
characterizing the weakly mixing vectors with respect to a contraction in a Hilbert space [34,
Theorem 2.3.4]. It is tailored for a single contraction, i.e. an action of Z+, and does not extend
to more general semigroups, let alone quantum semigroups. Indeed, the general framework for
weak mixing in ergodic theory deals with groups. The setting of our main results will therefore
be that of LCQGs G. It is neither more nor less restrictive than that of [55] for we do not require
G to be co-amenable, and also amenability is required only for some implications. Mixing of
unitary co-representations of LCQGs was recently introduced by Daws, Fima, Skalski and White
[15] and was successfully used to define the Haagerup property in this setting.
Let us recall the main characterizations of weakly mixing group representations and actions.
We recommend the survey of Bergelson and Gorodnik [6] and the lecture notes of Austin [1]
and Peterson [45]. Let π be a unitary representation of a locally compact group G on a Hilbert
space H. The following conditions are equivalent:
(WM1): for every ζ1, . . . , ζn ∈ H and ε > 0 there is some γ ∈ G such that |〈π(γ)ζi, ζj〉| < ε
for every 1 ≤ i, j ≤ n;
(WM2): the tensor product π ⊗ π, of π and its conjugate representation π, is ergodic;
(WM3): “continuity of the spectrum” / triviality of the Kronecker factor: π has no finite-
dimensional sub-representations.
WEAK MIXING FOR LOCALLY COMPACT QUANTUM GROUPS 3
In fact, if π is weakly mixing, then its tensor product by any other unitary representation of G is
also ergodic. Under additional hypotheses, e.g. amenability of G, formally stronger conditions
are equivalent to weak mixing.
An important, intuitive special case comes from (classical) dynamical systems (X,A, µ, G, T )
consisting of a probability space (X,A, µ), a locally compact group G and a measure-preserving
action T = (Tγ)γ∈G of G on X. The Koopman representation of the system is the unitary rep-
resentation π of G on L2(X,A, µ) given by π(γ)f := f ◦ Tγ−1 (γ ∈ G, f ∈ L2(X,A, µ)). Let
L20(X,A, µ) :=
{
f ∈ L2(X,A, µ) :
´
X
f dµ = 0
}
. We say that the system is weakly mixing if the
restriction of the Koopman representation to L20(X,A, µ) satisfies one, hence all, of conditions
(WM1)–(WM3) above. The first two take the following simpler forms:
(a) for every A1, . . . , An ∈ A and ε > 0 there is some γ ∈ G such that
|µ(Ai ∩ TγAj)− µ(Ai)µ(Aj)| < ε for every 1 ≤ i, j ≤ n;
(b) the product system (X × X,A × A, µ × µ,G, T × T ), where T × T := (Tγ × Tγ)γ∈G, is
ergodic.
The paper is structured as follows. In Section 2 we introduce the notion of weakly mixing
unitary co-representations of LCQGs. All classical characterizations of this property (see above)
are generalized in the paper’s main result, Theorem 2.11. It is subsequently used to complete
the von Neumann algebraic Jacobs–de Leeuw–Glicksberg splitting theorem of [55] in Subsection
3.1. In Subsection 3.2 we study the mixing and weak mixing properties of inclusions of von
Neumann algebras arising from a discrete quantum group acting on a von Neumann algebra,
generalizing part of results of Jolissaint and Stalder [32] and Cameron, Fang and Mukherjee
[9]. Section 4 ends the paper with several open questions.
1. PRELIMINARIES
Let us begin with a few conventions. All Hilbert spaces in this paper are complex. For ζ, η in
a Hilbert space H, we let ωζ,η stand for the functional in B(H)∗ given by x 7→ 〈xζ, η〉, and let
ωζ := ωζ,ζ. By ζ∗ we mean the functional 〈·, ζ〉 ∈ H∗. We write 1 for the unit of a C∗-algebra (if
exists), and id for the identity map over C∗-algebras. The left and the right absolute values of an
element x of a C∗-algebra are |x| := (x∗x)1/2 and |x|r := (xx
∗)1/2, respectively. Representations
of C∗-algebras are assumed to be nondegenerate. The flip map a⊗ b 7→ b⊗ a at the algebra level
is denoted by σ. The symbols ⊗,⊗min and ⊗ are used for the Hilbert space, minimal (spatial)
C∗-algebraic, and normal spatial tensor products, respectively.
Let N be a von Neumann algebra. For a weight θ on N , we denote by (L2(N, θ),Λθ) the
associated GNS construction. When θ is normal, semi-finite and faithful (n.s.f.), we denote by
∇θ and Jθ the modular operator and modular conjugation of θ, respectively, both acting on
L2(N, θ), and by σθ the modular automorphism group of θ [59, 60].
Locally compact quantum groups (LCQGs) are a far-reaching generalization of locally compact
groups. Their axiomatization, which is the product of a long list of works that go back to the
seventies, was introduced by Kustermans and Vaes [36, 37], and an equivalent one by Masuda,
Nakagami and Woronowicz [41]. A LCQG is a pair G = (L∞(G),∆) satisfying the following
conditions:
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(a) L∞(G) is a von Neumann algebra;
(b) ∆ is a co-multiplication, namely a unital normal ∗-homomorphism∆ : L∞(G)→ L∞(G)⊗L∞(G)
that is co-associative in the sense that (∆⊗ id)∆ = (id⊗∆)∆;
(c) There exist n.s.f. weights ϕ, ψ on L∞(G), called the left and right Haar weights, respec-
tively, that satisfy
ϕ((ω ⊗ id)∆(x)) = ϕ(x)ω(1) for all ω ∈ L∞(G)+∗ , x ∈ L
∞(G)+ with ϕ(x) <∞,
ψ((id⊗ ω)∆(x)) = ψ(x)ω(1) for all ω ∈ L∞(G)+∗ , x ∈ L
∞(G)+ with ψ(x) <∞.
We set ∇ := ∇ϕ and J := Jϕ. The predual L∞(G)∗ of L∞(G) is denoted by L1(G). It is a Banach
algebra when equipped with the convolution product ω1 ∗ ω2 := (ω1 ⊗ ω2)∆, ω1, ω2 ∈ L1(G).
The dual of G is a LCQG denoted by Gˆ = (L∞(Gˆ), ∆ˆ). We will not elaborate on the precise
construction of Gˆ, but give only a few details we shall need. The objects associated with the
dual will be denoted by adding a hat to the relevant notation, e.g. ϕˆ, ∇ˆ, Jˆ . The Hilbert spaces
L2(L∞(G), ϕ) and L2(L∞(Gˆ), ϕˆ) are canonically isometrically isomorphic, allowing us to view
both L∞(G) and L∞(Gˆ) as acting standardly on the same Hilbert space L2(G) [30].
The left regular co-representation of G is a unitary W ∈ L∞(G)⊗L∞(Gˆ) satisfying ∆(x) =
W ∗(1 ⊗ x)W for every x ∈ L∞(G) and (∆ ⊗ id)(W ) = W13W23, where the subscript numbers
are the customary leg numbering. Its dual object is just Wˆ = σ(W ∗). The space C0(G) :=
span‖·‖{(id ⊗ ω)(W ) : ω ∈ L1(Gˆ)} is a weakly dense C∗-subalgebra of L∞(G). It satisfies
∆(C0(G)) ⊆ M(C0(G) ⊗min C0(G)), where M stands for the multiplier algebra. We have W ∈
M(C0(G)⊗min C0(Gˆ)).
The antipode of G is a ∗-ultrastrongly closed, densely defined operator S over L∞(G) with the
property (1.2) below. It admits a polar decomposition S = R◦τ−i/2, where the unitary antipode R
is an anti-automorphism of L∞(G) and the scaling group τ = (τt)t∈R is a group of automorphisms
of L∞(G), and by τ−i/2 we mean the analytic generator of τ at the point −i/2 [11, 66]. We have
the useful formulas
σ(R⊗ R)∆ = ∆R (1.1)
and R(x) = Jˆx∗Jˆ , τt(x) = ∇ˆitx∇ˆ−it for every x ∈ L∞(G), t ∈ R.
We mention several types of LCQGs. First, compact quantum groups were introduced by
Woronowicz [65] (see also Maes and Van Daele [40]). We say that G is compact if C0(G) is
unital. This is equivalent to either of the Haar weights being finite. In this case, the Haar
weights are, in fact, equal after being normalized to states, and the common value is called the
Haar state of G. We write C(G) for C0(G) and Irred(G) for the set of equivalence classes of
irreducible unitary co-representations of G (see below). Second, discrete quantum groups were
introduced by Effros and Ruan [24] and by Van Daele [63]. We say that G is discrete if Gˆ is com-
pact. In this case, we write c0(G), ℓ∞(G), ℓ1(G) for C0(G), L∞(G), L1(G), respectively. We have
ℓ∞(G) = ℓ∞−
⊕
γ∈Irred(Gˆ)MN(γ) and c0(G) = c0−
⊕
γ∈Irred(Gˆ)MN(γ), where N(γ) is the dimension
of γ. There is a distinguished central minimal projection p ∈ c0(G) such that ∆(a)(1⊗ p) = a⊗ p
for all a ∈ ℓ∞(G). See Runde [54] for more information and proofs.
Kac algebras [26] were introduced by Enock and Schwartz and by Kac and Vainerman. These
are precisely the LCQGs with a trivial scaling group (τ = id) that satisfy σϕ = σψ.
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Example 1.1. Every locally compact group G induces two LCQGs. The first, which is identified
with G, has C0(G), L∞(G) as its underlying C∗- and von Neumann algebras, and (∆(f))(t, s) :=
f(ts) for f ∈ L∞(G) and t, s ∈ G. The Haar weights are given by integration against the Haar
measures. Its dual LCQG Gˆ has L∞(Gˆ) = VN(G), the left von Neumann algebra of G generated
by the left translation operators {λ(g) : g ∈ G} over L2(G), C0(Gˆ) = C∗r (G), and ∆ˆ is determined
by satisfying ∆ˆ(λ(g)) = λ(g) ⊗ λ(g) for each g ∈ G. The left and right Haar weights of Gˆ are
both equal to the Plancherel weight on VN(G) [60, Section VII.3]. If G is abelian, the quantum
duality between G and Gˆ reduces, up to unitary equivalence, to the Pontryagin duality.
A co-representation of G on a Hilbert space H is an operator U ∈ B(H)⊗L∞(G) such that
(id ⊗ ∆)(U) = U12U13. A closed subspace H0 ⊆ H is called invariant under U if the projection
pH0 of H onto H0 satisfies U(pH0 ⊗ 1) = (pH0 ⊗ 1)U(pH0 ⊗ 1). The operator U0 := U(pH0 ⊗ 1) ∈
B(H0)⊗L
∞(G) is then a co-representation of G on H0. We say that U0 is a sub-representation of
U , or that U contains U0, and write U0 ≤ U . A vector ζ ∈ H is said to be invariant under U if
the projection pζ of H onto Cζ satisfies U(pζ ⊗ 1) = pζ ⊗ 1. We say that U is ergodic if it has no
nonzero invariant vector. If U, V are co-representations ofG on Hilbert spacesH,K, respectively,
their tensor product is the co-representation U '&%$ !"#⊤ V := U13V23 of G on H⊗K.
Unitary co-representations U of G on H have additional useful features. They satisfy U ∈
M(K(H)⊗minC0(G)), where K(H) is the C∗-algebra of all compact operators overH. Moreover,
(id⊗ S)(U) = U∗, (1.2)
that is, for every ω ∈ B(H)∗ we have (ω ⊗ id)(U) ∈ D(S) and S((ω ⊗ id)(U)) = (ω ⊗ id)(U∗). As
S = R◦τ−i/2, this means that formally (id⊗τ−i/2)(U) = (id⊗R)(U∗), which should be understood
similarly. If a closed subspace H0 is invariant under U , then in the above notation, U commutes
with pH0 ⊗ 1, for instance by the next paragraph. The associated sub-representation of G on H0
is therefore unitary.
There is also the universal face of G [35]. It consists of a C∗-algebra Cu0 (G), a canoni-
cal surjective ∗-homomorphism π : Cu0 (G) → C0(G) and a co-multiplication ∆
u : Cu0 (G) →
M(Cu0 (G) ⊗min C
u
0 (G)) such that (π ⊗ π)∆
u = ∆π. Doing this construction also for Gˆ, the left
regular co-representationW lifts to a universal left regular co-representation, which is a unitary
W∈ M(C0(G)⊗minC
u
0 (Gˆ)) with (id⊗ πˆ)( W) =W . The universality is expressed by the following
fact: for every unitary co-representation U of G on a Hilbert space H, there exists a representa-
tion ρ of Cu0 (Gˆ) on H such that U = σ(id ⊗ ρ)( W). (We require the burdensome flip since we
are working with the left regular co-representation, but with right unitary co-representations.)
In particular, the character ǫ of Cu0 (G) corresponding to the trivial representation 1 of Gˆ is called
the co-unit of G and satisfies (ǫ⊗ id)∆u = id. There are also universal versions Ru, τu of R, τ .
A left-invariant mean for G is a state m ∈ L∞(G)∗ satisfying m(ω ⊗ id)∆ = ω(1)m for ev-
ery ω ∈ L1(G). Right-invariant and two-sided invariant means are defined similarly. We say
that G is amenable if it possesses a left-invariant mean. This is equivalent to G admitting a
right-invariant, or a two-sided invariant, mean. We say that G is co-amenable if the canonical
surjective ∗-homomorphism π : Cu0 (G) → C0(G) is injective. In this case, we identify C
u
0 (G)
with C0(G). This is equivalent to L1(G) having a bounded left or right or two-sided approximate
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identity, so discrete quantum groups are trivially co-amenable. For other equivalent conditions
for amenability and co-amenability, see Bédos and Tuset [3].
A unitary co-representation U of G on H is called mixing [15, Definition 4.1] if for every
ω ∈ B(H)∗, (ω⊗ id)(U) ∈ C0(G). The left regular co-representation of G is mixing by definition.
Additionally, all unitary co-representations of a compact quantum group are mixing.
A (right) action of G on a von Neumann algebra N is a unital normal ∗-homomorphism α :
N → N⊗L∞(G) such that
(α⊗ id)α = (id⊗∆)α.
For θ ∈ L1(G), we say that α preserves θ if (θ ⊗ id)α = θ(·)1. If G co-amenable, we adopt the
convention of requiring that some bounded left approximate identity (ǫλ) of the Banach algebra
L1(G) would satisfy
(id⊗ ǫλ)α(a)→ a weakly (∀a ∈ N). (1.3)
If G is discrete, this is the same as asking that, with p ∈ c0(G) being the distinguished central
minimal projection,
α(a)(1⊗ p) = a⊗ p (∀a ∈ N). (1.4)
2. CONDITIONS FOR WEAK MIXING
In this section we introduce weak mixing of unitary co-representations of LCQGs, generalizing
conditions (WM1)–(WM3) from the Introduction. There are two versions: weak mixing (Defi-
nition 2.9) and strict weak mixing (Definition 2.10), which coincide, e.g., for Kac algebras and
for discrete quantum groups. The first is the natural one for LCQGs. We establish the equiva-
lence of all conditions except for one implication, for which amenability is assumed. The reason
for that is the possible lack of certain invariant means, as explored in depth by Das and Daws
[13]. The second version is not as natural, and indeed, less is known about it without assuming
amenability. The “price” that one has to pay when working with the former version is that most
of its characterizations have two parts, and some involve unbounded co-representations.
2.1. Preliminaries on complete almost periodicity. We need several facts about notions dis-
cussed in [55]. See also Sołtan [58] and Daws [14].
Lemma 2.1 (cf. [58, Proposition 4.11]). Let G be a LCQG. Suppose that C(H) is a unital C∗-
subalgebra of L∞(G) such that ∆(C(H)) ⊆ C(H) ⊗min C(H) and H := (C(H),∆|C(H)) is a C
∗-
algebraic compact quantum group in the sense of [65, 40]. Then the antipode, unitary antipode
and scaling group SH, RH, τH of H are the restrictions of SG, RG, τG to the canonical dense Hopf
∗-algebra A of H. In particular, SH is (norm) closable, τH extends to an automorphism group of
C(H) and RH extends to an anti-automorphism of C(H).
Such H is called a compactification ofG. The point is that asH is not necessarily reduced in the
sense of [36] (cf. [14, Subsection 6.2]), the above properties of the antipode are not automatic;
cf. [65, Section 8] and [36, Proposition 5.45].
Proof of Lemma 2.1. Every co-representation of H is a co-representation of G. By (1.2), the
antipode SH of H agrees with SG on the components of all irreducible unitary co-representations
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of H, which linearly span A. Thus SH ⊆ SG, and in particular SH is closable. Let u ∈Mn ⊗C(H)
be an irreducible unitary co-representation of H. By the classical theory [65], u ∈ D(id⊗ (SH)2),
and there is a strictly positive matrix F ∈ Mn such that (id ⊗ τHt )(u) = (F
it ⊗ 1)u(F−it ⊗ 1) for
every t ∈ R and (id⊗ (SH)2)(u) = (F ⊗ 1)u(F−1 ⊗ 1). By the foregoing, u ∈ D(id⊗ (SG)2) and
(id⊗ τG−i)(u) = (id⊗ (S
G)2)(u) = (F ⊗ 1)u(F−1 ⊗ 1).
A classical complex analysis argument implies that (id⊗ τGt )(u) = (F
it ⊗ 1)u(F−it⊗ 1) for every
t. Thus id⊗ τG and id⊗ τH agree on u. Consequently, τH is the restriction of τG to A, and so τH
extends to an automorphism group of C(H). The conclusion about R follows. 
For the following definition see [55, Definition 3.7], in which the setting is a little different.
Definition 2.2. Let U be a unitary co-representation of a LCQG G on a Hilbert spaceH. A vector
ζ ∈ H is completely periodic with respect to U if it belongs to a finite-dimensional subspace H0
of H, such that U restricts to a sub-representation u on H0 whose transpose ut is invertible. The
closed linear span HCAP of all completely periodic vectors is called the subspace of completely
almost periodic vectors with respect to U .
Finite-dimensional unitary co-representations admitting an invertible transpose are admissi-
ble in the terminology of [58], in which this notion is used in a broader sense. Proving the
invertibility of the transpose can be done as follows (cf. [14, Proposition 3.11]). Let u be a
finite-dimensional unitary co-representation of G on a Hilbert space H0. Let n := dimH0, view
B(H0) asMn and denote by A the natural anti-linear isomorphism ofMn given by (aij) 7→ (aij).
Since the unitary antipode satisfies R(x) = Jˆx∗Jˆ for every x ∈ L∞(G), from (1.2) we get
(id⊗ τ−i/2)(u) = (id⊗R)(u
∗) = (A⊗Ad(Jˆ))(ut). Thus ut is invertible if and only if (id⊗ τ−i/2)(u)
is. As τ−i/2 is multiplicative on its domain, this happens when u∗ ∈ D(id ⊗ τ−i/2), that is,
u ∈ D(id ⊗ τi/2) = D(id ⊗ S
−1). Conversely, if ut is invertible, then the unital C∗-algebra C(H)
generated by the components of u, together with the restriction of ∆ to C(H), is a (not neces-
sarily reduced) C∗-algebraic compact quantum group H by [64], [40, Proposition 3.8]. From
Lemma 2.1, the scaling group τH of H is a restriction of τ = τG. From the general theory [65],
the components of u are analytic for τH, thus for τG.
Using the idea of the canonical Kac quotient of a compact quantum group, it is proved in [58,
Subsection 4.3] that, for a discrete quantum group G, the components of all finite-dimensional
unitary co-representations of G linearly span the same subspace as those of the ones having an
invertible transpose. The previous paragraph thus implies the following; cf. [14, Corollary 6.6].
Proposition 2.3. Every finite-dimensional unitary co-representation of a discrete quantum group
has an invertible transpose.
It is unknown whether this holds true for all LCQGs; see [14, Conjectures 7.1 and 7.2].
2.2. U and U ′.
Definition 2.4. Let G be a LCQG and let U ∈ B(H)⊗L∞(G) be a unitary co-representation of G
on a Hilbert space H.
8 AMI VISELTER
(a) (cf. [3]) Fixing some anti-unitary J from H onto another Hilbert space JH, consider
the ∗-anti-isomorphism j : B(H) → B(JH) given by j(x) := J x∗J ∗ for all x ∈ B(H),
and define the unitary co-representation of G conjugate to U to be U := (j ⊗ R)(U) ∈
B(JH)⊗L∞(G).
(b) Let U ′ be the formal object (id⊗τ−i/2)(U) = (id⊗R)(U∗) (see (1.2)). Rigorously, recalling
that B(L1(G), B(H)) ∼= B(B(H)∗, L∞(G)) canonically, we view U ′ either as the element
L1(G) ∋ ω 7→ (id ⊗ (ω ◦ R))(U∗) of B(L1(G), B(H)) or, equivalently, as the matching
element B(H)∗ ∋ ρ 7→ τ−i/2((ρ ⊗ id)(U)) = R((ρ ⊗ id)(U∗)) of B(B(H)∗, L∞(G)), thus
defining the expressions (id⊗ ω)(U ′) and (ρ⊗ id)(U ′).
When the maps defining U ′ happen to be completely bounded, we get an element ofB(H)⊗L∞(G),
as this operator space is naturally identified with CB(L1(G), B(H)) ∼= CB(B(H)∗, L∞(G)) [25,
Chapter 7]. For instance, when the scaling group of G is trivial (e.g., if G is a Kac algebra), we
have U ′ = U .
Plainly, U depends on J only up to unitary equivalence. Using (1.1), one verifies that U
is indeed a unitary co-representation of G on JH, and that U ′ is formally an unbounded co-
representation of G on H in the sense that [id ⊗ ((ω1 ∗ ω2) ◦ R)](U∗) = (id ⊗ (ω1 ◦ R))(U∗)(id ⊗
(ω2 ◦R))(U
∗) for all ω1, ω2 ∈ L1(G).
Lemma 2.5. Let U be a unitary co-representation of a LCQG G on a Hilbert space H. For every
ζ, η ∈ H, we have
(ωJ ζ,J η ⊗ id)(U) = R [(ωη,ζ ⊗ id)(U)] = (ωζ,η ⊗ id)(U
′)∗. (2.1)
In addition, for every Hilbert space K and Ξ ∈ JH ⊗ K, the operator TΞ ∈ B(H,K) given by
TΞζ := ((J ζ)
∗ ⊗ 1)(Ξ), ζ ∈ H, satisfies
(ω(1⊗ξ∗)(Ξ),J ζ ⊗ id)(U
∗
) = (ωζ,T ∗
Ξ
ξ ⊗ id)(U
′) (2.2)
for every ζ ∈ H and ξ ∈ K.
Proof. Equation (2.1) is obtained from the equality ωJ ζ,J η ◦ j = ωη,ζ . Notice that T ∗Ξξ = J (1 ⊗
ξ∗)(Ξ) for each ξ ∈ K. Hence, taking adjoints in (2.1) with η := T ∗Ξξ, we establish (2.2). 
We now explain the nomenclature used in Definitions 2.9 and 2.10.
Definition 2.6. Consider unitary co-representations U, V of a LCQG G on Hilbert spaces H,K,
respectively. Denote by BR(V '&%$ !"#⊤U ′) the set of all closed subspaces F of K ⊗H such that, with
pF being the projection of K ⊗ H onto F , we have U23(pF ⊗ 1) ∈ D(id ⊗ id ⊗ τ−i/2), and
Z := V13(id ⊗ id ⊗ τ−i/2)(U23(pF ⊗ 1)) is a co-representation of G commuting with pF ⊗ 1. In
particular, if F = CΞ for a vector Ξ ∈ K⊗H and Z is equal to pCΞ⊗1, we say that Ξ is invariant
under V '&%$ !"#⊤U ′.
Evidently, if the scaling group of G is trivial (so that U ′ = U), then K ⊗ H itself belongs to
BR(V '&%$ !"#⊤U ′), and invariance of a vector under V '&%$ !"#⊤U ′ has the usual meaning.
For general LCQGs, invariance of vectors under V '&%$ !"#⊤U ′ has a more concrete interpretation.
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Lemma 2.7. Let U, V be unitary co-representations of a LCQG G on Hilbert spaces H,K, respec-
tively, and Ξ ∈ K⊗H. Then Ξ is invariant under V '&%$ !"#⊤U ′ if and only if for all ζ ∈ K, ξ ∈ H
(ω(ζ∗⊗1)(Ξ),ξ ⊗ id)(U
′) = (ω(1⊗ξ∗)(Ξ),ζ ⊗ id)(V
∗) (∀ζ ∈ K, ξ ∈ H). (2.3)
Proof. Write pCΞ for the projection of K ⊗ H onto CΞ. The implication ( =⇒ ) is obtained by
applying ωΞ,ζ⊗ξ ⊗ id to both sides of the equality (id ⊗ id⊗ τ−i/2)(U23(pCΞ ⊗ 1)) = V ∗13(pCΞ ⊗ 1).
For (⇐= ), approximate U23(pCΞ ⊗ 1) by operators of the form
∑
α,β
((fβ ⊗ eα)⊗ Ξ
∗)⊗ (ωΞ,fβ⊗eα ⊗ id)(U23) =
∑
α,β
((fβ ⊗ eα)⊗ Ξ
∗)⊗ (ω(f∗β⊗1)(Ξ),eα ⊗ id)(U),
where (eα) , (fβ) are orthonormal bases ofH,K, respectively, and the sums are finite. By assump-
tion, applying id⊗ id⊗ τ−i/2 to this operator gives
∑
α,β((fβ ⊗ eα)⊗Ξ
∗)⊗ (ω(1⊗e∗α)(Ξ),fβ ⊗ id)(V
∗).
The closedness of id⊗ id⊗ τ−i/2 thus yields the desired conclusion. 
2.3. Weak mixing.
Definition 2.8. Let H,K be Hilbert spaces. Vectors Ξ,Υ ∈ H ⊗K are said to be matched if for
every ζ ∈ H and ξ ∈ K,
• 〈(ζ∗ ⊗ 1)Ξ, (ζ∗ ⊗ 1)Υ〉 , 〈(1⊗ ξ∗)Ξ, (1⊗ ξ∗)Υ〉 ∈ R, and
• (ζ∗ ⊗ 1)Ξ = 0 ⇐⇒ (ζ∗ ⊗ 1)Υ = 0, (1⊗ ξ∗)Ξ = 0 ⇐⇒ (1⊗ ξ∗)Υ = 0.
LetH,K be Hilbert spaces, J : H→ JH an anti-unitary and Ξ,Υ ∈ JH⊗K. Define TΞ, TΥ ∈
B(H,K) by TΞζ := ((J ζ)∗ ⊗ 1)(Ξ), ζ ∈ H, and similarly for TΥ. Notice that T ∗ΞTΥ ∈ B(H) and
TΞT
∗
Υ ∈ B(K) are selfadjoint if and only if the first condition of Definition 2.8 holds, while the
second is equivalent to ker TΞ = ker TΥ and ker T ∗Ξ = ker T
∗
Υ. Hence, by Lemma A.2, Ξ,Υ are
matched if and only if there exists a (generally unbounded) injective selfadjoint operator B over
K commuting with TΞT ∗Ξ such that TΥ = BTΞ. The latter just means that Υ = (1⊗B)Ξ.
We use the convention that for y ∈ L∞(G) and c ≥ 0, we write
∥∥τi/2(y)
∥∥ > c to either mean
that y does not belongs to D(τi/2) or that it does and genuinely
∥∥τi/2(y)
∥∥ > c.
Definition 2.9. Let G be a LCQG and let U, V be unitary co-representations of G on Hilbert
spaces H,K, respectively. We introduce the following weak mixing conditions.
(WM): For every ζ1, . . . , ζn ∈ H such that some element of BR(U '&%$ !"#⊤U ′) contains all vectors
J ζi ⊗ ζi, 1 ≤ i ≤ n, and every ε > 0, either there is a state ω ∈ L1(G) such that
ω
(∣∣(ωζi,ζj ⊗ id)(U)
∣∣) ≤ ε for each 1 ≤ i, j ≤ n, or there exist 1 ≤ i, j ≤ n and ρ1, ρ2 ∈
L1(G) of norm 1 such that
∥∥τi/2
[(
ω(id⊗ρ1)(U∗)ζi,(id⊗ρ2)(U∗)ζj ⊗ id
)
(U)
]∥∥ > ε−1.
(PSE): The tensor product co-representations V '&%$ !"#⊤U and V '&%$ !"#⊤U ′ are simultaneously ergodic:
they do not admit nonzero matched invariant vectors in K⊗H.
(PEB): The tensor product co-representation V '&%$ !"#⊤U ′ does not admit a nonzero invariant
vector Ξ ∈ K⊗H such that (ω(ζ∗⊗1)Ξ,(ξ∗⊗1)Ξ ⊗ id)(U) ∈ D(τi/2) for all ζ, ξ ∈ K.
(NCAP): There are no nonzero completely (almost) periodic vectors with respect to U , that
is, U does not admit a nonzero finite-dimensional sub-representation with an invertible
transpose.
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If G is amenable and m ∈ L∞(G)∗ is a right-invariant mean for G, we introduce the following
strengthening of (WM):
(WMa): For every ζ1, . . . , ζn ∈ H such that some element of BR(U '&%$ !"#⊤U ′) contains all vectors
J ζi ⊗ ζi, 1 ≤ i ≤ n, either for each 1 ≤ i, j ≤ n we have m
(∣∣(ωζi,ζj ⊗ id)(U)
∣∣) = 0,
or for every ε > 0 there exist 1 ≤ i, j ≤ n and ρ1, ρ2 ∈ L1(G) of norm 1 such that∥∥τi/2
[(
ω(id⊗ρ1)(U∗)ζi,(id⊗ρ2)(U∗)ζj ⊗ id
)
(U)
]∥∥ > ε−1.
Definition 2.10. Let G be a LCQG and let U, V be unitary co-representations of G on Hilbert
spaces H,K, respectively. We introduce the following strict weak mixing conditions.
(sWM): For every ζ1, . . . , ζn ∈ H such that some element of BR(U '&%$ !"#⊤U ′) contains all vec-
tors J ζi ⊗ ζi, 1 ≤ i ≤ n, and every ε > 0, there is a state ω ∈ L1(G) such that
ω
(∣∣(ωζi,ζj ⊗ id)(U)
∣∣) ≤ ε for each 1 ≤ i, j ≤ n.
(PE): The tensor product co-representation V '&%$ !"#⊤U ′ is ergodic.
(NFDS): There is no nonzero finite-dimensional sub-representation of U .
If G is amenable and m ∈ L∞(G)∗ is a right-invariant mean for G, define:
(sWMa): For every ζ1, . . . , ζn ∈ H such that some element of BR(U '&%$ !"#⊤U ′) contains all vec-
tors J ζi ⊗ ζi, 1 ≤ i ≤ n, we have m
(∣∣(ωζi,ζj ⊗ id)(U)
∣∣) = 0 for each 1 ≤ i, j ≤ n.
The following is the main result of this section.
Theorem 2.11. Let G be a LCQG and let U be a unitary co-representation of G.
(a) The conditions ((PSE) for V := U), ((PSE) holding for every V ), ((PEB) for V := U), ((PEB)
holding for every V ) and (NCAP) are equivalent, and are implied by (WM).
(b) We have (sWM) =⇒ (NFDS) =⇒ ((PE) holding for every V ) =⇒ ((PE) for V := U).
(c) If G is amenable, then all conditions in (a) are equivalent to one another and to (WMa),
and all conditions in (b) are equivalent to one another and to (sWMa).
(d) If the scaling group of G is trivial, then all conditions in (a) and in (b) are equivalent to one
another.
Remark 2.12. (a) It is clear that (NFDS) =⇒ (NCAP) =⇒ ergodicity. WhenG is non-compact,
mixing implies (NFDS): every nontrivial finite-dimensional sub-representation has entries
in C0(G) by mixing, so its unitarity forces C0(G) to be unital, a contradiction. When G
is compact, every unitary co-representation is trivially mixing, but never satisfies (NCAP)
by the general theory [65].
(b) The advantage of (PSE) over (PEB) is that the former can be written without any refer-
ence to the scaling group.
(c) When G is a locally compact group, our definition of weak mixing reduces to the classical
one.
(d) When G is discrete, (NCAP) is equivalent to (NFDS) by Proposition 2.3.
(e) Let H be a closed quantum subgroup of G in the sense of Woronowicz [16, Definition
3.2 and Theorem 3.6], and let π : Cu0 (G) → C
u
0 (H) be the associated surjective ∗-
homomorphism. It follows from [42, Proposition 3.10 and Theorem 4.8] that Ru,H ◦ π =
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π ◦Ru,G and τu,Ht ◦ π = π ◦ τ
u,G
t for every t ∈ R. Assume that G,H are co-amenable. If U is
a unitary co-representation of G on H, then its “restriction to H” UH := (id⊗ π)(U) (view
π as a C0(G)→ C0(H) map) is a unitary co-representation of H onH. If either of (NFDS)
or (NCAP) holds for UH, then it holds for U .
In the course of the proof of Theorem 2.11, which is divided into several steps, we assume
that U is a unitary co-representation on a Hilbert space H and fix an anti-unitary J : H→ JH.
Notice first that when G is amenable, (WMa) =⇒ (WM) and (sWMa) =⇒ (sWM). Also, (NFDS)
and (NCAP) are equivalent if the scaling group of G is trivial by Subsection 2.1.
The following “mean ergodic theorem” is elementary.
Lemma 2.13. Let V ∈ B(H)⊗L∞(H) (resp., V ∈ M(K(H) ⊗min C(H))) be a co-representation of
an amenable LCQG (resp., a not necessarily reduced C∗-algebraic compact quantum group [65, 40])
H on a Hilbert space H. Then (id ⊗ m)(V ) is an idempotent whose image consists of all vectors
invariant under V , where m is a left-invariant mean for (resp., the Haar state of) H.
Proposition 2.14. (WM) ∨ ((PSE) with V := U) ∨ ((PEB) with V := U) =⇒ (NCAP), and
(sWM) =⇒ (NFDS).
Proof. Assume first that (NFDS) does not hold, and let H0 be a nonzero finite-dimensional
subspace of H that is invariant under U . Denote by u ∈ B(H0) ⊗ L∞(G) the ambient sub-
representation of U . One checks that H0,JH0 are invariant under U ′, U , respectively, where the
invariance under U ′ means that (id ⊗ τ−i/2)(U(pH0 ⊗ 1)) commutes with pH0 ⊗ 1. Let u
′, u be
the corresponding (bounded, the former generally not unitary) sub-representations. We have
JH0 ⊗H0 ∈ BR(U '&%$ !"#⊤U
′). Let ζ1, . . . , ζn be an orthonormal basis of H0. Write u = (uij)
n
i,j=1 with
respect to this basis, that is, uji = (ωζi,ζj ⊗ id)(U) for every 1 ≤ i, j ≤ n. Since u is unitary, for
every state ω ∈ L1(G) there exist 1 ≤ i, j ≤ n such that ω(|uij|) ≥ ω(|uij|
2) ≥ 1
n
. Hence, (sWM)
fails.
Suppose henceforth that (NCAP) does not hold. So we can assume that u has an invert-
ible transpose, or equivalently, that u ∈ D(id ⊗ τi/2) (Subsection 2.1). As u is finite dimen-
sional, there is M < ∞ such that for all 1 ≤ i, j ≤ n and ρ1, ρ2 ∈ L1(G) of norm 1, y :=
(ω(id⊗ρ1)(U∗)ζi,(id⊗ρ2)(U∗)ζj ⊗ id)(U) = (ω(id⊗ρ1)(u∗)ζi,(id⊗ρ2)(u∗)ζj ⊗ id)(u) satisfies y ∈ D(τi/2) and∥∥τi/2(y)
∥∥ ≤M . In conclusion, (WM) fails.
Denote by H the C∗-algebraic compact quantum group induced by u as in Subsection 2.1 and
by h the Haar state on H. Notice that h is not necessarily faithful because H is not necessarily
reduced. Nonetheless, there is no ambiguity about the scaling group and unitary antipode by
Lemma 2.1. The components of u belong to C(H) by definition, so u, u′, u are co-representations
of H.
We may and do assume that u is irreducible. Hence there exists a strictly positive matrix
F ∈MdimH0, which we view as an operator on H0, such that (id⊗ τz)(u) = (F
−iz ⊗ 1)u(F iz ⊗ 1)
for every z ∈ C [65, Section 7].
Since u13u′23 is a co-representation of H on JH0 ⊗H0, every vector in the image of (id⊗ id⊗
h)(u13u
′
23) is invariant under u13u
′
23 by Lemma 2.13, thus under U '&%$ !"#⊤U
′ (see Lemma 2.7). Fix
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0 6= ζ ∈ H0, and consider the invariant vector Ξ := ((id⊗ id⊗ h)(u13u′23))(J ζ ⊗ ζ). To show that
it is nonzero, let η ∈ H0 be such that x := (ωη,ζ ⊗ id)(u) 6= 0. From Lemma 2.5, (2.1) we obtain
〈Ξ,J η ⊗ η〉 = 〈((id⊗ id⊗ h)(u13u
′
23))(J ζ ⊗ ζ),J η ⊗ η〉
= h [(ωJ ζ,J η ⊗ id)(u)(ωζ,η ⊗ id)(u
′)] = h(R(x∗x)) = h(x∗x).
By [65, Proposition 4.2], this number is strictly positive. Therefore Ξ 6= 0, and ((PEB) with
V := U) fails.
Similarly, u13u23 is also a co-representation of H on JH0 ⊗H0. The vector Υ := ((id ⊗ id ⊗
h)(u13u23))(J ζ ⊗ F
1/2ζ) is invariant under u13u23, thus under U '&%$ !"#⊤U , by Lemma 2.13, and
(id⊗ F−1/2)Υ = ((id⊗ id⊗ h)(u13(1⊗ F
−1/2 ⊗ 1)u23(1⊗ F
1/2 ⊗ 1)))(J ζ ⊗ ζ)
= ((id⊗ id⊗ h)(u13u
′
23))(J ζ ⊗ ζ) = Ξ.
Defining TΞ ∈ B(H0) by TΞξ := ((J ξ)∗ ⊗ id)(Ξ), ξ ∈ H0, we get as above
〈TΞξ, ξ
′〉 = h ((ωξ′,ζ ⊗ id)(u)
∗(ωξ,ζ ⊗ id)(u))
for all ξ, ξ′ ∈ H0. Thus
〈
TΞF
−1/2ξ, F 1/2ξ′
〉
= h
(
(ωξ′,ζ ⊗ id)(u(F
1/2 ⊗ 1))∗(ωξ,ζ ⊗ id)(u(F
−1/2 ⊗ 1))
)
= h
(
(ωξ′,F 1/2ζ ⊗ id)((id⊗ τ−i/2)(u))
∗(ωξ,F−1/2ζ ⊗ id)((id⊗ τi/2)(u))
)
.
Taking the original ζ to be an eigenvector of F and using that h is invariant under τ , we conclude
that
〈
TΞF
−1/2ξ, F 1/2ξ′
〉
= 〈TΞξ, ξ
′〉, namely that TΞ and F 1/2 commute. Thus, defining B ∈ B(H)
to be F 1/2 on H0 and the identity on H⊥0 , we infer that Ξ,Υ are matched, and ((PSE) with
V := U) fails. 
In the particular case of G with a trivial scaling group (where U ′ = U), the next result was
proved by Kyed and Sołtan [39, Theorem 2.6], Das and Daws [13, Proposition 7.2] and Chen
and Ng [10, Proposition 3.5].
Proposition 2.15. For every unitary co-representation V of G, (NCAP) =⇒ (PSE),(PEB) and
(NFDS) =⇒ (PE).
Proof. Let us replace V by V for convenience. Fix an anti-unitary JV : K → JVK. Assume
that (PE) does not hold, and let Ξ ∈ JVK ⊗H be a nonzero invariant vector for V '&%$ !"#⊤U ′ in the
sense of Definition 2.6. It induces a Hilbert–Schmidt operator TΞ : K → H given by TΞζ :=
((JV ζ)
∗ ⊗ 1)(Ξ), ζ ∈ K. For all ζ ∈ K and ξ ∈ H, by invariance of Ξ under V '&%$ !"#⊤U ′ (replacing V
by V in Lemma 2.7) and Lemma 2.5, (2.2) with V instead of U ,
(ωTΞζ,ξ ⊗ id)(U
′) = (ω(1⊗ξ∗)(Ξ),JV ζ ⊗ id)(V
∗
) = (ωζ,T ∗
Ξ
ξ ⊗ id)(V
′). (2.4)
Formally, this means that U ′(TΞ ⊗ 1) = (TΞ ⊗ 1)V ′. Since U ′ = (id ⊗ τ−i/2)(U) and the same
for V , and since τ−i/2 is injective, (2.4) holds with U, V in place of U ′, V ′, respectively, thus
U(TΞ⊗1) = (TΞ⊗1)V . Hence, the compact, nonzero, positive operator TΞT ∗Ξ overH intertwines
U with itself. Fixing a strictly positive eigenvalue, the associated finite-dimensional spectral
subspace H0 of TΞT ∗Ξ is invariant under U , so that (NFDS) does not hold.
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We should now show that under additional assumptions, the restriction u of U to H0 has an
invertible transpose. If (PSE) fails, then there is Υ ∈ JVK ⊗ H invariant under V '&%$ !"#⊤U such
that Ξ,Υ are matched. As above, the induced Hilbert–Schmidt operator TΥ : K → H given by
TΥζ := ((JV ζ)
∗ ⊗ 1)(Υ), ζ ∈ K, satisfies, for all ζ ∈ K and ξ ∈ H,
(ωTΥζ,ξ ⊗ id)(U) = (ω(1⊗ξ∗)(Υ),JV ζ ⊗ id)(V
∗
) = (ωζ,T ∗
Υ
ξ ⊗ id)(V
′) (2.5)
using Lemma 2.5, (2.2) with V instead of U . Thus, formally, U(TΥ⊗1) = (TΥ⊗1)V ′. As Ξ,Υ are
matched, there is, by Lemma A.2, a generally unbounded, injective, selfadjoint operator B over
H commuting with TΞT ∗Ξ such that TΥ = BTΞ (see the paragraph succeeding Definition 2.8).
Consequently, B maps H0 onto itself. If now ξ1, ξ2 ∈ H0 and ζ ∈ K is such that TΞζ = B−1ξ1,
then from (2.5) we deduce that
(ωξ1,ξ2 ⊗ id)(U) = (ωζ,T ∗Υξ2 ⊗ id)(V
′) = τ−i/2[(ωζ,T ∗
Υ
ξ2 ⊗ id)(V )] ∈ D(τi/2).
Consequently, u ∈ D(id⊗ τi/2), that is, ut is invertible (see Subsection 2.1).
If (PEB) fails, then we may assume that (ωTΞζ,TΞξ ⊗ id)(U) ∈ D(τi/2) for all ζ, ξ ∈ K. In
particular, u ∈ D(id⊗ τi/2) again. This completes the proof. 
Remark 2.16. In the next proof we use the following simple observation. Suppose that F ∈
BR(U '&%$ !"#⊤U ′) and ζ ∈ H is such that J ζ ⊗ ζ ∈ F . Write pF for the projection of JH ⊗ H
onto F , pCζ for the projection of H onto Cζ and Z := U13(id ⊗ id ⊗ τ−i/2)(U23(pF ⊗ 1)). Then
(id⊗ id⊗ τ−i/2)(U23(pF ⊗1))(J ζ⊗ ζ⊗η) = J ζ⊗ (id⊗ τ−i/2)(U(pCζ ⊗1))(ζ⊗η) for all η ∈ L2(G),
and therefore, for every ξ, ξ′ ∈ H and ω ∈ L1(G), we have
(ωJ ζ,J ξ ⊗ ωζ,ξ′ ⊗ ω)(Z) = ω
[
(ωJ ζ,J ξ ⊗ id)(U)τ−i/2 ((ωζ,ξ′ ⊗ id)(U))
]
= ω
[
(ωJ ζ,J ξ ⊗ id)(U)(ωζ,ξ′ ⊗ id)(U
′)
]
by the definition of U ′.
Proposition 2.17. (a) Assume that G is amenable. Then the condition ((PEB) with V := U),
resp. ((PE) with V := U), implies (WMa), resp. (sWMa).
(b) Assume that the scaling group of G is trivial. Then the condition ((PE) with V := U) implies
(sWM).
Proof. All implications are proved by contraposition. Hence, we are given ζ1, . . . , ζn ∈ H without
the respective property. Out of them we obtain a vector Ξ invariant under U '&%$ !"#⊤U ′ by averaging,
as follows. Let Θ :=
∑n
i=1 J ζi ⊗ ζi.
Case I:G is amenable and (sWMa) does not hold. LettingF be the given element of BR(U '&%$ !"#⊤U ′),
we have J ζi ⊗ ζi ∈ F for every 1 ≤ i ≤ n, so Θ ∈ F . Let pF be the projection of JH ⊗ H
onto F and Z := U 13(id ⊗ id ⊗ τ−i/2)(U23(pF ⊗ 1)). Then Z is a (bounded, generally not uni-
tary) co-representation of G on JH ⊗H commuting with pF ⊗ 1. If m ∈ L∞(G)∗ is the given
right-invariant mean for G, then m′ := m ◦ R is a left-invariant mean for G by (1.1). Let
Ξ := ((id⊗ id⊗m′)(Z))Θ ∈ F . By Lemma 2.13, Ξ is invariant under Z, thus under U '&%$ !"#⊤U ′ in the
sense of Definition 2.6.
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Case II: the scaling group is trivial (so U ′ = U) and (sWM) does not hold. Consider the closed
convex set
K :=
{
((id⊗ id⊗ ω)(U '&%$ !"#⊤U))Θ : ω is a state in L1(G)
}
.
Since U '&%$ !"#⊤U is a unitary co-representation of G, K is invariant under U '&%$ !"#⊤U , because if ω1, ω2 ∈
L1(G) are states, then (id ⊗ id ⊗ ω1)(U '&%$ !"#⊤U)(id ⊗ id ⊗ ω2)(U '&%$ !"#⊤U) = (id ⊗ id ⊗ (ω1 ∗ ω2))(U '&%$ !"#⊤U).
Let Ξ be the unique element of minimal norm in K. Then Ξ is invariant under U '&%$ !"#⊤U because for
every state ω in L1(G), ((id⊗ id⊗ ω)(U '&%$ !"#⊤U))Ξ ∈ K has norm at most ‖Ξ‖. Let Z := U '&%$ !"#⊤U .
Treating both cases together, we show that Ξ 6= 0. Let ω be a state of L∞(G). By Remark 2.16
and Lemma 2.5, (2.1), for every ζ ∈ {ζ1, . . . , ζn} and ξ ∈ H,
〈((id⊗ id⊗ ω)(Z))(J ζ ⊗ ζ),J ξ ⊗ ξ〉 = ω
[
(ωJ ζ,J ξ ⊗ id)(U)(ωζ,ξ ⊗ id)(U
′)
]
= (ω ◦R) [(ωξ,ζ ⊗ id)(U)
∗(ωξ,ζ ⊗ id)(U)] .
Writing Ξω := ((id⊗ id⊗ ω)(Z))Θ, we infer that
〈Ξω,Θ〉 =
n∑
i,j=1
(ω ◦R)
(∣∣(ωζj ,ζi ⊗ id)(U)
∣∣2). (2.6)
By assumption, in case I, there exist i, j such that m(|(ωζj ,ζi ⊗ id)(U)|
2) > 0, hence 〈Ξ,Θ〉 > 0 by
setting ω := m′ in (2.6). In case II, there is ε0 > 0 such that for every state ω in L1(G) there exist
i, j such that (ω ◦R)(|(ωζj,ζi ⊗ id)(U)|
2) ≥ ε20, hence 〈Ξω,Θ〉 ≥ ε
2
0 by (2.6). Therefore Ξ 6= 0 either
way, failing (PE) with U for V .
Now suppose thatG is amenable and (WMa) does not hold (with respect to the same ζ1, . . . , ζn ∈
H). Fix ζ, ζ ′ ∈ H. To fail (PEB) with U for V , we need to establish that (ωTΞζ,TΞζ′ ⊗ id)(U) ∈
D(τi/2). Let ω, ω′ be states in L1(G). Write ρi := ω · (ωJ ζi,J ζ ⊗ id)(U) ∈ L
1(G), 1 ≤ i ≤ n. From
Remark 2.16 we get
TΞωζ = ((J ζ)
∗ ⊗ id)(Ξω) =
n∑
i=1
((J ζ)∗ ⊗ 1) [((id⊗ id⊗ ω)(Z))(J ζi ⊗ ζi)]
=
n∑
i=1
((id⊗ ρi)(U
′))ζi =
n∑
i=1
(id⊗ (ρi ◦R))(U
∗)ζi.
Similarly, TΞω′ζ
′ =
∑n
j=1(id⊗ (ρ
′
j ◦R))(U
∗)ζj with suitable ρ′j ∈ L
1(G), 1 ≤ j ≤ n. Let
aω,ω′ := (ωTΞω ζ,TΞω′ ζ
′ ⊗ id)(U) =
n∑
i,j=1
(ω(id⊗(ρi◦R))(U∗)ζi,(id⊗(ρ′j◦R))(U∗)ζj ⊗ id)(U).
By assumption, aω,ω′ belongs to D(τi/2) and satisfies
∥∥τi/2(aω,ω′)
∥∥ ≤ ε−10
n∑
i,j=1
‖ρi ◦R‖
∥∥ρ′j ◦R
∥∥ ≤ ε−10
n∑
i,j=1
‖ζi‖ ‖ζj‖ ‖ζ‖ ‖ζ
′‖ . (2.7)
Choose a net (ωι) of states in L1(G) that is w∗-convergent to m′. Hence Ξωι → Ξ weakly. By
(2.7), aωι,ωk belongs to D(τi/2) for every ι, κ and (‖τi/2(aωι,ωk)‖)ι,κ is bounded. When κ is fixed,
aωι,ωk → aωκ := (ωTΞζ,TΞωκ ζ′ ⊗ id)(U) weakly. From Lemma A.4, aωκ ∈ D(τi/2) and (τi/2(aωκ))κ is
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bounded. Now aωκ → (ωTΞζ,TΞζ′ ⊗ id)(U) weakly, and Lemma A.4 is used again to conclude that
(ωTΞζ,TΞζ′ ⊗ id)(U) ∈ D(τi/2), as desired. 
This completes the proof of Theorem 2.11.
Corollary 2.18. Let G be a LCQG with trivial scaling group and let U be a unitary co-representation
of G. If U is weakly mixing, then so is U

⊤n for every n > 1.
Proof. This follows easily from (PE) with V := U and with arbitrary V being equivalent. 
3. APPLICATIONS
3.1. The noncommutative Jacobs–de Leeuw–Glicksberg splitting theorem. Suppose that a
LCQG G acts on a von Neumann algebra N via an action α : N → N⊗L∞(G) that preserves a
faithful normal state θ of N . The Koopman co-representation of the dynamical system (N, θ,G, α)
is the unitary implementation U ∈ B(L2(N, θ))⊗L∞(G) of α, given by
(ωΛθ(a),Λθ(b) ⊗ id)(U) = (θ ⊗ id) ((b
∗ ⊗ 1)α(a)) , or equivalently (3.1)
(ωΛθ(a),Λθ(b) ⊗ id)(U
∗) = (θ ⊗ id) (α(b∗)(a⊗ 1)) , (3.2)
for all a, b ∈ N . Since Λθ(1) is invariant under U , so is L20(N, θ) := L
2(N, θ) ⊖ CΛθ(1), and we
can apply the above results to the restriction of U to L20(N, θ). When this restriction is (weakly)
mixing, the action α is said to be (weakly) mixing. From Lemma A.1 we obtain U = U when
using Jθ as J (meaning that as in the classical setting, “U is induced by the orthogonal co-
representation of the dynamical system”). This simplifies a little most of the conditions for weak
mixing.
The next theorem is a fundamental consequence of Theorem 2.11. Runde and the author
generalized in [55] the Jacobs–de Leeuw–Glicksberg splitting theorem of [43, 67] to state-
preserving actions of quantum semigroups on von Neumann algebras. We introduced the notion
of completely almost periodic operators [55, Definition 3.7 and Theorem 4.5], and established,
under suitable assumptions, the existence of a conditional expectation ECAP from the von Neu-
mann algebra that was acted on onto its subalgebra consisting of these operators. The kernel of
ECAP was conjectured to have a weakly mixing nature, but how to put this in exact terms was
left open [55, Corollary 4.10 and the preceding paragraph]. This issue is settled in the following
result, which is also the complement of [55, Corollary 3.14] relating complete almost periodicity
to recurrence.
Recall that actions of co-amenable LCQGs are assumed to satisfy (1.3).
Theorem 3.1. Let G be a co-amenable, amenable LCQG that acts on a von Neumann algebra N via
an action α : N → N⊗L∞(G) that preserves a faithful normal state θ ofN . Denote by U the unitary
implementation of α and by NCAP the von Neumann subalgebra of N consisting of all completely
almost periodic operators with respect to α, and let m ∈ L∞(G)∗ be a left-invariant mean for G.
Then the unique θ-preserving conditional expectation ECAP from N onto NCAP has the following
property:
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if a1, . . . , an ∈ kerE
CAP are such that some element of BR(U '&%$ !"#⊤U ′) contains all vectors Λθ(ai) ⊗
JθΛθ(ai), 1 ≤ i ≤ n, then either for each 1 ≤ i, j ≤ n we have m
(∣∣(θ ⊗ id)((a∗j ⊗ 1)α(ai))
∣∣
r
)
= 0, or
for every ε > 0 there exist 1 ≤ i, j ≤ n and ρ1, ρ2 ∈ L
1(G) of norm 1 such that y := (θ ⊗ id)
[(
(id⊗
ρ2)α(aj)
∗ ⊗ 1
)
α
(
(id⊗ ρ1)α(ai)
)]
satisfies
∥∥τi/2(y)
∥∥ > ε−1.
Proof. The novelty is the weak mixing property of kerECAP, the rest being a special case of
[55, Corollary 4.10]. The set L2(N, θ)CAP of all completely almost periodic vectors with respect
to α is a closed subspace of L2(N, θ) invariant under the unitary implementation U of α [55,
Definition 3.7]. The restriction of U to L2(N, θ) ⊖ L2(N, θ)CAP satisfies (NCAP) by definition,
and so Theorem 2.11 applies, and we infer that (WMa) holds. Observe that each a ∈ N belongs
to kerECAP if and only if Λθ(a) ∈ L2(N, θ) ⊖ L2(N, θ)CAP because Λθ intertwines ECAP and the
projection of L2(N, θ) onto L2(N, θ)CAP. Moreover, L2(N, θ)⊖ L2(N, θ)CAP is invariant under Jθ.
To get the desired result, take (JθΛθ(ai))
n
i=1 for (ζi)
n
i=1 in (WMa), use (3.1) and the formulas
(ωJθζ,Jθη ⊗ id)(U) = R((ωη,ζ ⊗ id)(U)),
Jθ(id⊗ ρ ◦R)(U
∗)Jθ = (id⊗ ρ)(U)
(∀ζ, η ∈ L2(N, θ), ρ ∈ L1(G))
derived from Lemma A.1 to get
∣∣(ωJθΛθ(aj),JθΛθ(ai) ⊗ id)(U)
∣∣ = R
(∣∣(θ ⊗ id)((a∗j ⊗ 1)α(ai))
∣∣
r
)
and
(
ω(id⊗ρ2◦R)(U∗)JθΛθ(aj),(id⊗ρ1◦R)(U∗)JθΛθ(ai) ⊗ id
)
(U) = R
((
ω(id⊗ρ1)(U)Λθ(ai),(id⊗ρ2)(U)Λθ(aj) ⊗ id
)
(U)
)
= R
{
(θ ⊗ id)
[(
(id⊗ ρ2)α(aj)
∗ ⊗ 1
)
α
(
(id⊗ ρ1)α(ai)
)]}
.
Then notice that m ◦R is right invariant, and use the commutativity of τ and R. 
3.2. Relation to (weak) mixing of inclusions in crossed products by discrete quantum
groups. A notion that is tightly related to weak mixing is the weak asymptotic homomorphism
property of a masa in a II1-factor, which turned out to be equivalent to (strong) singularity of
the masa, and provided many examples of such masas (see Sinclair and Smith [56], Robertson,
Sinclair and Smith [53] and Sinclair, Smith, White and Wiggins [57]). This was generalized and
studied further by Jolissaint and Stalder [32] and by Cameron, Fang and Mukherjee [9]. In par-
ticular, they proved that in certain cases, when a discrete group G acts on a finite von Neumann
algebra N and preserves a trace, the inclusion of VN(G) in the crossed product N⋊G is (weakly)
mixing in appropriate senses if and only if the action is (weakly) mixing ([32, Propositions 2.2
and 3.6] and [9, Proposition 1.1]). In this subsection we show that, in the very general setting
of discrete quantum group actions, one direction of each of these implications holds with respect
to our definition of weakly mixing actions and the definition of mixing in [15]. First, we extend
the notion of (weakly) mixing inclusions of von Neumann algebras [9, p. 344] beyond the finite
case.
Definition 3.2. Let A ⊆ B be an inclusion of von Neumann algebras with a faithful normal
conditional expectation E from B onto A.
• The inclusion A ⊆ B is called E-weakly mixing if for every finite subset F ⊆ B there
exists a sequence (vn)
∞
n=1 of unitaries in A such that
(∀x, y ∈ F ) E(xvny)−E(x)vnE(y) −−−→
n→∞
0 strongly.
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• The inclusion A ⊆ B is called E-mixing if there exists a subspace C of B, dense in
the bounded ∗-strong topology, such that for every sequence (vn)
∞
n=1 of unitaries in A
converging weakly to zero, we have
(∀x ∈ C, y ∈ B) E(xvny)− E(x)vnE(y) −−−→
n→∞
0 strongly. (3.3)
Remark 3.3. If B is a finite von Neumann algebra, so that the adjoint map is strongly continuous
on bounded sets, (3.3) holds as it is if and only if it holds for all x, y ∈ B.
Let G be a discrete quantum group acting on a von Neumann algebra N via an action α that
preserves a faithful normal state θ of N . Recall that the crossed product N ⋊α G [61, pp. 434–
435] is the von Neumann subalgebra of N⊗B(ℓ2(G)) generated by α(N) and C1 ⊗ L∞(Gˆ)′. We
view L∞(Gˆ)′ as embedded in N ⋊α G. Since C := span{(1⊗ xˆ′)α(a) : a ∈ N, xˆ′ ∈ L∞(Gˆ)′}
is dense in N ⋊α G in the bounded ∗-strong topology [61, Lemma 3.3 and its proof] and (θ ⊗
idB(ℓ2(G))) [(1⊗ xˆ
′)α(a)] = θ(a)xˆ′ for every a ∈ N, xˆ′ ∈ L∞(Gˆ)′, the map EL∞(Gˆ)′ := θ ⊗ idB(ℓ2(G))
is a faithful normal conditional expectation from N ⋊α G onto L∞(Gˆ)′. Denoting by θ˜ the dual
weight of θ [61, Definition 3.1], this n.s.f. weight on N ⋊αG is actually a state as θ is a state and
G is discrete, and EL∞(Gˆ)′ is just the unique θ˜-preserving conditional expectation from N ⋊α G
onto L∞(Gˆ)′.
Remark 3.4. We deal with L∞(Gˆ)′ rather than L∞(Gˆ) because α is a right action. This is a mere
technical matter.
Proposition 3.5. In the above setting we have the following implications:
(a) if the inclusion L∞(Gˆ)′ ⊆ N ⋊α G is EL∞(Gˆ)′-weakly mixing, then α satisfies (NFDS);
(b) if α is mixing, then the inclusion L∞(Gˆ)′ ⊆ N ⋊α G is EL∞(Gˆ)′-mixing.
Proof. Recall that Λϕˆ(1) = Λϕ(p), and thus, for every b ∈ N , (1.4) implies that α(b)(Λθ(1) ⊗
Λϕˆ(1)) = (Λθ⊗Λϕ)(α(b)(1⊗p)) = (Λθ⊗Λϕ)(b⊗p) = (b⊗1)(Λθ(1)⊗Λϕˆ(1)). Hence, for a, b ∈ N
and xˆ ∈ L∞(Gˆ),
EL∞(Gˆ)′
[
α(a)(1⊗ Jˆ xˆJˆ)α(b)
]
Λϕˆ(1) = (θ ⊗ idB(ℓ2(G)))
[
α(a)(1⊗ Jˆ xˆJˆ)α(b)
]
Λϕˆ(1)
= (θ ⊗ idB(ℓ2(G)))
[
α(a)(1⊗ Jˆ xˆJˆ)(b⊗ 1)
]
Λϕˆ(1)
= (θ ⊗ idB(ℓ2(G))) [α(a)(b⊗ 1)] JˆΛϕˆ(xˆ).
(3.4)
(a) Suppose that α fails (NFDS). Denote by U the unitary implementation of α, and let u be
a finite-dimensional sub-representation of U on a subspace of L2(N, θ) ⊖ CΛθ(1) spanned by
the orthonormal set {ζ1, . . . , ζn}. Write uij := (ωζj ,ζi ⊗ id)(U) (1 ≤ i, j ≤ n). Let ε > 0. Pick
a1, . . . , an ∈ N such that ‖ζi − Λθ(ai)‖ < ε and θ(ai) = 0 for 1 ≤ i ≤ n. Then for every vˆ ∈ L∞(Gˆ)
of norm at most 1 and 1 ≤ i, j ≤ n, we have from (3.4) and (3.2)
EL∞(Gˆ)′
[
α(a∗i )(1⊗ Jˆ vˆJˆ)α(aj)
]
Λϕˆ(1) = (ωΛθ(aj),Λθ(ai) ⊗ id)(U
∗)JˆΛϕˆ(vˆ)
≈(2+ε)ε (ωζj ,ζi ⊗ id)(U
∗)JˆΛϕˆ(vˆ) = u
∗
jiJˆΛϕˆ(vˆ).
Fix 1 ≤ j ≤ n. Applying uji to the right-hand side and summing for i = 1, . . . , n, we get JˆΛϕˆ(vˆ) by
the unitarity of u. Thus, if (vˆm) are unitaries in L∞(Gˆ) with EL∞(Gˆ)′
[
α(a∗i )(1⊗Jˆ vˆmJˆ)α(aj)
]
−−−→
m→∞
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0 strongly for every 1 ≤ i, j ≤ n, then, as JˆΛϕˆ(vˆm) is a unit vector for every m, we obtain
1 ≤ n(2+ε)ε. Taking ε small enough yields a contradiction. Therefore, L∞(Gˆ)′ ⊆ N⋊αG cannot
be EL∞(Gˆ)′-weakly mixing.
(b) Assume that α is mixing, that is, (θ ⊗ id) [α(a)(b⊗ 1)] ∈ c0(G) for every a, b ∈ ker θ (see
(3.1)). To prove that L∞(Gˆ)′ ⊆ N ⋊αG is EL∞(Gˆ)′-mixing, fix a bounded sequence (vˆn) in L
∞(Gˆ)
converging weakly to zero, not necessarily of unitaries. Since ℓ∞(G) is an ℓ∞-direct sum of
(finite-dimensional) matrix algebras, c0(G) is the corresponding c0-direct sum and ℓ∞(G) is in
standard form on ℓ2(G), every z ∈ c0(G) is compact, so that zJˆΛϕˆ(vˆn) −−−→
n→∞
0. In particular, if
a, b ∈ ker θ, then from (3.4) we get
EL∞(Gˆ)′
[
α(a)(1⊗ Jˆ vˆnJˆ)α(b)
]
Λϕˆ(1) = (θ ⊗ id) [α(a)(b⊗ 1)] JˆΛϕˆ(vˆn) −−−→
n→∞
0.
Hence EL∞(Gˆ)′
[
α(a)(1⊗ Jˆ vˆnJˆ)α(b)
]
→ 0 strongly. Thus (3.3) holds for every x ∈ C and y ∈ C∗.
As C is dense inN⋊αG in the ∗-strong topology, (3.3) holds for every x ∈ C and y ∈ N⋊αG. 
Remark 3.6. What we established in the proof of (b) is formally stronger than mixing since the
operators (vˆn) are not assumed to be unitary. However, this is not surprising in light of [9,
Theorem 3.3]. It is interesting to check this result for general von Neumann algebras.
4. OPEN QUESTIONS
The results of Section 2 may open the door to solving several questions.
In his celebrated proof of Szemerédi’s theorem, Furstenberg [29] established a multiple recur-
rence result that significantly extended the Poincaré recurrence theorem, and led to a breadth
of works on related convergence questions. Weak mixing was a key idea in Furstenberg’s paper.
Beyers, Duvenhage and Ströh [8] and Austin, Eisner and Tao [2] considered the noncommuta-
tive case, namely in which the object that is acted on is a finite von Neumann algebra, obtaining
very interesting partial results.
Question 4.1. Is it possible to generalize results of [8, 2], and in particular [2, Theorem 1.17], to
actions of LCQGs?
The main ingredients in the proof of [2, Theorem 1.17] include the von Neumann algebraic
Jacobs–de Leeuw–Glicksberg theorem of [43] and the classical van der Corput estimate. The
starting point for answering Question 4.1 can be Theorem 3.1 and a possible generalization of
the van der Corput estimate (for locally compact groups, this was done in [8]). Note that even
the case of groups other than Z, or actions on infinite von Neumann algebras, is still unknown.
Two close questions concern formal strengthenings of the definition of property (T) for LCQGs,
whose statements or proofs are related to weak mixing. In both, some separability assumption
needs to be made. Property (T) for discrete quantum groups was introduced by Fima [27] and
studied further by Kyed [38]. For general LCQGs, see [15, Section 6] and [10].
Question 4.2. Does the Connes–Weiss theorem [12], [4, Theorem 6.3.4], characterizing property
(T) in terms of strong ergodicity of measure-preserving ergodic actions, generalize to LCQGs?
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Generalizing the original proof, for example, would require a modification of [10, Proposition
3.2, (T2)] combined with the construction of Vaes [62, Proposition 3.1] that produces, from a
unitary co-representation “arising from an orthogonal co-representation”, an action on a free
Araki–Woods factor preserving the free quasi-free state.
Question 4.3. Does the Bekka–Valette characterization [5, Theorem 1], [4, Theorem 2.12.9] gen-
eralize to LCQGs? That is, are the following conditions equivalent for a LCQG G?
(a) G has property (T);
(b) every unitary co-representation ofG that has almost-invariant vectors is not (strictly) weakly
mixing.
In [44], Okayasu, Ozawa and Tomatsu introduce strict mixing of bimodules (correspondences)
over von Neumann algebras. To every unitary co-representation of a LCQG G they associate an
L∞(Gˆ)-L∞(Gˆ) bimodule, and vice versa, and establish that mixing of an element of either of
these classes implies mixing of the associated element of the other [44, Proposition 14].
Question 4.4. Can one introduce a notion of weak mixing of bimodules over von Neumann algebras
(see, e.g., Peterson and Sinclair [46, Definition 2.3]) that would be consistent as above with that of
weak mixing for unitary co-representations of LCQGs?
APPENDIX A. AUXILIARY RESULTS
The following simple results, which are probably known, are used in the paper. For a lucid
account of unbounded operators on Hilbert spaces, see the classic of Dunford and Schwartz [18,
Chapter XII]. Recall that over a given Hilbert space, a bounded operator b is said to commute
with an unbounded normal operator n when bn ⊆ nb; equivalently, when b commutes with all
spectral projections of n (see Fuglede [28]).
Lemma A.1. Let α be an action of a LCQG G on a von Neumann algebra N that preserves a faithful
normal state θ of N . Then the unitary implementation U ∈ B(L2(N, θ))⊗L∞(G) of α satisfies
(Jθ ⊗ Jˆ)U(Jθ ⊗ Jˆ) = U
∗.
Proof. This is another by-product of the proof of [55, Theorem A.1] (see also the lines that
precede it). Indeed, for a ∈ D(σθ−i) and b ∈ D(σ
θ
i ), we have
(ωΛθ(a),Λθ(b) ⊗ id)(U)∇ˆ
1/2Jˆ ⊆ ∇ˆ1/2Jˆ(ωΛθ(a∗),Λθ(σθi (b)∗) ⊗ id)(U
∗)
(see [55, equation succeeding (A.4) and (A.1), (A.2)]; we use Jˆ , ∇ˆ in place of I, L). This was
used to prove that U commutes with ∇θ ⊗ ∇ˆ−1, which implies that
∇ˆ1/2(ωΛθ(σθ−i/2(a)),Λθ(σθi/2(b)) ⊗ id)(U)Jˆ = ∇ˆ
1/2Jˆ(ωΛθ(a∗),Λθ(σθi (b)∗) ⊗ id)(U
∗)
on D(∇ˆ1/2Jˆ) = D(∇ˆ−1/2). Since ∇ˆ1/2 is strictly positive, we get
(ωΛθ(σθ−i/2(a)),Λθ(σθi/2(b)) ⊗ id)(U)Jˆ = Jˆ(ωΛθ(a∗),Λθ(σθi (b)∗) ⊗ id)(U
∗).
20 AMI VISELTER
Recall that for every c ∈ D(σθi/2), JθΛθ(c) = Jθ∇
1/2
θ ∇
−1/2
θ Λθ(c) = Jθ∇
1/2
θ Λθ(σ
θ
i/2(c)) = Λθ(σ
θ
−i/2(c
∗)).
As a result,
Jˆ(ωJθΛθ(a∗),JθΛθ(σθi (b)∗) ⊗ id)(U)Jˆ = (ωΛθ(a∗),Λθ(σθi (b)∗) ⊗ id)(U
∗).
The density of
{
Λθ(a
∗) : a ∈ D(σθ−i)
}
and
{
Λθ(σ
θ
i (b)
∗) : b ∈ D(σθi )
}
in L2(N, θ) gives the result.

Lemma A.2. Let H1,H2 be Hilbert spaces and a, c ∈ B(H1,H2). Then a
∗c, ac∗ are selfadjoint,
ker a ⊆ ker c and ker a∗ = ker c∗ if and only if there exists a (generally unbounded) injective selfad-
joint operator b over H2 commuting with aa
∗ such that c = ba.
Proof. Define b(aζ) := cζ , ζ ∈ H1. By the selfadjointness of a∗c, the (generally unbounded)
operator b is symmetric, thus closable, over the Hilbert space K := Im a = Im c ⊆ H2. As
a∗c, ac∗ are selfadjoint, one calculates that aa∗b ⊆ baa∗, and so aa∗b ⊆ baa∗. If η ∈ D(b∗), then
for all ζ ∈ H1, 〈cζ, η〉 = 〈baζ, η〉 = 〈ζ, a∗b∗η〉, so that c∗η = a∗b∗η. If now b∗η = ±iη, then
‖c∗η‖2 = ∓i 〈c∗η, a∗η〉 = ∓i 〈ac∗η, η〉 ∈ iR as ac∗ is selfadjoint. Hence η ∈ ker c∗, so that η = 0
as η ∈ K. Therefore, b is essentially selfadjoint by von Neumann’s decomposition of D(b∗) [18,
Lemma XII.4.10]. Since the range of b is dense in K, its closure b is injective. The desired b can
now be defined as b on K and 1 on K⊥.
Conversely, if such b exists, then clearly ker a = ker c and a∗c is selfadjoint. We have Im c =
Im ba ⊇ Im baa∗ = Im aa∗b = Im aa∗ = Im a since b commutes with aa∗ and is injective. Also,
for the same reasons, for each ζ ∈ H1 there exists a sequence (ηn) in D(b) such that ca∗ηn =
baa∗ηn = aa
∗bηn → aζ , implying that Im a ⊆ Im c. Thus ker c∗ = ker a∗. Furthermore, ca∗ = baa∗
is selfadjoint as aa∗, b are commuting selfadjoint operators. 
Lemma A.3. Let T be a closed, densely-defined operator on a Hilbert space H. If (ηι) is a net in
D(T ) and η ∈ H are such that ηι → η weakly in H and (Tηι) is bounded by C, then η ∈ D(T ) and
‖Tη‖ ≤ C.
Proof. For every ζ ∈ D(T ∗), 〈T ∗ζ, η〉 = limι 〈ζ, Tηι〉 has absolute value at most C ‖ζ‖. Since
T = T ∗∗, we infer that η ∈ D(T ) and ‖Tη‖ ≤ C. 
Lemma A.4. Let τ be an action of R on a von Neumann algebra M and let z ∈ C. If a net (aι) in
D(τz) converges weakly to a ∈M and (τz(aι)) is bounded by C, then a ∈ D(τz) and ‖τz(a)‖ ≤ C.
Proof. Representing M standardly on a Hilbert space H, there exists a (generally unbounded)
strictly positive operator T on H such that τt = Ad(T it) for all t ∈ R (by [30, Corollary 3.6]
and Stone’s theorem). Let ζ ∈ D(T−iz). For every ι, let ηι := aιT−izζ = T−izτz(aι)ζ . Then
ηι → aT
−izζ weakly and the net (T izηι) = (τz(aι)ζ) is bounded by C ‖ζ‖. By the previous lemma,
aT−izζ ∈ D(T iz) and ‖T izaT−izζ‖ ≤ C ‖ζ‖. Consequently, b := T izaT−iz satisfies ‖b‖ ≤ C. It is
standard that b ∈M . For every ζ ∈ D(T−iz), we have aT−izζ = T−izT izaT−izζ = T−izbζ , whence
a ∈ D(τz) and τz(a) = b. 
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